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In this paper, we study Lpf -spectrum estimates for some smooth potential function f
on complete noncompact Riemannian manifolds via the τ -Bakry–Émery curvature. As its
applications, we give the upper bound estimate of the L2f -spectrum for the complete
noncompact τ -quasi-Einstein metric, we give an example to show the sharpness of our
estimate; we also get a lower bound estimate when λ < 0, τ > 1 and μ > 0.
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1. Introduction
Let M be an n-dimensional complete Riemannian manifold with metric g and f be a smooth potential function on M .
We use  to denote the classical Laplacian determined by g. Then the weighted Laplacian  f is deﬁned by
 f =  − ∇ f · ∇.
We use dV to denote the classical Riemann–Lebesgue measure. Then we always call
dμ = e− f dV
the weighted measure determined by the potential function f . It is easy to verify that∫
M
∇u · ∇v dμ = −
∫
M
u ·  f v dμ
holds for any u, v ∈ C∞0 (M). Hence  f is symmetric with respect to the weighted measure dμ.
For τ > 0, the τ -Bakry–Émery curvature, introduced in [16], with respect to the potential function f is deﬁned as
Ric f ,τ = Ric+Hess f − ∇ f ⊗ ∇ f
τ
.
This curvature relates to the weighted Laplacian via the following weighted Bochner formula [1–4]
1
2
 f |∇u|2 =
∣∣∇2u∣∣2 + ∇u · ∇ f u + Ric f ,τ (∇u,∇u) + 1
τ
(∇ f · ∇u)2.
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ences therein.
As deﬁned in [5–7], we call a metric g τ -quasi-Einstein with potential function f if for some constant λ,
Ric f ,τ = λg. (1)
It is easy to see that an ∞-quasi-Einstein metric means a gradient Ricci soliton. We call a gradient Ricci soliton shrinking,
steady or expanding, respectively, when λ > 0, λ = 0 or λ < 0. Gradient Ricci solitons arise from the singularity analysis
of the Ricci ﬂow. The classiﬁcation of the gradient Ricci soliton has received much attention recently. See [8–13] and the
references therein for the study of gradient Ricci soliton.
The τ -quasi-Einstein metrics are closely related to the existence of warped product Einstein manifolds [6,14,15]. Let
τ > 0 be an integer and (M,g) and (Nτ ,h) be two Riemannian manifolds, then for some potential function f on M , the
warped product manifold (M × N, g˜) with product metric
g˜ = g⊕ exp
(
−2 f
τ
)
h
is Einstein if and only if (Nτ ,h) is Einstein and the Ricci curvature tensor of M satisﬁes the quasi-Einstein equation (1) for
some constant λ.
We state some results about τ -quasi-Einstein metrics which have been proved in several papers. The authors of [4,16]
proved that a τ -quasi-Einstein metric with λ > 0 is automatically compact when τ > 0 is ﬁnite. It was also proved in [7,14]
that any τ -quasi-Einstein metrics with λ 0 on closed manifolds should be trivial in the sense that the potential function
is constant. But, for τ -quasi-Einstein metrics with λ > 0 on closed manifolds, the rigid properties rely on the constant μ
appearing in the following identity
R + τ − 1
τ
|∇ f |2 + (τ − n)λ = μe 2τ f , (2)
where R is the scalar curvature. This identity was proved in [14], see also [7]. In [7], the author proved that closed quasi-
Einstein metrics with λ > 0 should be trivial if μ  0. In fact, the authors of [17] constructed nontrivial τ -quasi-Einstein
metrics with λ > 0 and τ > 1, which also satisfy μ > 0.
When the manifold is complete noncompact, the author of [7] proved that any τ -quasi-Einstein metrics should be trivial
when λ = 0 and μ  0. On the noncompact case, the estimates for the scalar curvature and the potential function play
important roles in the study of geometric properties of gradient Ricci solitons, see [13,12,8,9]. In [18], the author proved
upper and lower bound estimates of R for τ -quasi-Einstein metric. Recently, the authors of [19] proved a sharp upper bound
estimate of the L2f -spectrum for the weighted Laplacian  f in terms of the linear growth rate of f . As an application, they
concluded that the bottom spectrum of  f equals to k24 for a steady gradient Ricci soliton normalized as
|∇ f |2 + R = k2,
where k > 0 is constant. Based on which, they proved that steady gradient Ricci solitons must be connected at inﬁnity.
The main aim of this paper is to estimate the bottom spectrum of the weighted Laplacian  f for τ -quasi Einstein
metrics. In order to do this, we ﬁrst prove the upper bound estimate of the Lpf -spectrum for p > 1 when the τ -dimensional
Bakry–Émery curvature is bounded from below. This estimate is of independent interest. The upper bound estimate of the
L2f -spectrum for the τ -quasi-Einstein metric is a natural corollary. By using a lemma appeared in [18], we also get a lower
bound estimate of the L2f -spectrum for the τ -quasi-Einstein metric.
2. Weighted volume comparison theorem
In this section, we ﬁrst introduce the weighted volume comparison theorem when the τ -dimensional Bakry–Émery
curvature Ric f ,τ or the ∞-dimensional Bakry–Émery curvature
Ric f = Ric+Hess f
is bounded from below. These estimates are instrumental in proving the Lpf -spectrum in the next section.
Let M be an n-dimensional complete noncompact Riemannian manifold and f be a smooth potential function on M . We
assume that p ∈ M is a ﬁxed point and T p(M) is the tangent space at p. For r > 0 and a unit tangent vector v ∈ T p(M), we
use
dV
(
exp(rv)
)= J p(r, v)dr dv
to denote the volume form in geodesic coordinate centered at p. It is easy to see that if x ∈ M is any point such that
x = expp(rv) [20], then
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J ′f (p, r, v)
J f (p, r, v)
, (3)
where J f (p, r, v) is the weighted volume form in geodesic coordinate.
The following weighted volume comparison result is a parallel theory of the volume comparison theorem [3,4]. It is a
natural corollary of the weighted Laplacian comparison theorem. We can also refer to [21], where a detailed analysis is
carried out.
Lemma 2.1. Let (M,g) be an n-dimensional complete Riemannian manifold, f be a smooth potential function on M and dμ = e− f dV
be the weighted measure. Assume that the τ -dimensional Bakry–Émery curvature on M is bounded by
Ric f ,τ −(n + τ − 1)K
with K  0, r(x) = dist(p, x) is the distance function determined by a ﬁxed point p. Then for any 1 < r < R,
μ(Bp(R))
μ(Bp(r))
 C exp
(
(n + τ − 1)√K (R − r)), (4)
where μ(Bp(R)) denotes the weighted volume of the geodesic ball centered at p with radius R and C is a constant depending only on
K , τ ,n.
Proof. The weighted Laplacian comparison theorem tells us that if x /∈ Cut(p) [20],
 f r  (n + τ − 1)
√
K coth
√
Kr. (5)
For any 1 < r1 < r < r2 < R , integrating (5) from r1 to r2 yields
log
J f (p, r2, v)
J f (p, r1, v)
 (n + τ − 1) log sinh
√
Kr2
sinh
√
Kr1
, (6)
which means that for some constant C1 depending only on K , τ ,n,
J f (p, r2, v)
J f (p, r1, v)

(
sinh
√
Kr2
sinh
√
Kr1
)n+τ−1
 C1 exp
(
(n + τ − 1)√K (r2 − r1)
)
. (7)
Integrating in t2 from r to R and t1 from 0 to r, we get
μ(Bp(R)) − μ(Bp(r))
μ(Bp(r))
 C1
exp ((n + τ − 1)√K R) − exp ((n + τ − 1)√Kr)
exp ((n + τ − 1)√Kr) − 1 . (8)
Hence (4) is right. 
When we assume that the ∞-dimensional Bakry–Émery curvature Ric f is bounded from below, we also have the fol-
lowing weighted volume comparison result [4].
Lemma 2.2. Let (M,g) be an n-dimensional complete Riemannian manifold, f be a smooth potential function on M and dμ = e− f dV
be the weighted measure. We assume that the ∞-dimensional Bakry–Émery curvature on M is bounded by
Ric f −(n − 1)K
with K  0. If
∂ f
∂r
−k (k 0)
along all minimal geodesic segments from p, then for any 1 < r < R,
μ(Bp(R))
μ(Bp(r))
 CekR exp
(
(n − 1)√K (R − r)), (9)
where C is a constant depending only on K ,n.
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Recall that for p > 1, the Lpf -spectrum is deﬁned by
λ f ,p(M) := inf
φ∈C∞0 (M)
∫
M |∇φ|pe− f dV∫
M φ
pe− f dV
= inf
φ∈C∞0 (M)
∫
M |∇φ|p dμ∫
M φ
p dμ
(10)
and the Lp-spectrum is deﬁned by
λp(M) := inf
φ∈C∞0 (M)
∫
M |∇φ|p dV∫
M φ
p dV
. (11)
There has been an active interest in the study of the Lp-spectrum under conditions on the Ricci curvature [22–24]. In [3],
the author obtained the upper bound estimates for the L2f -spectrum when the τ -dimensional Bakry–Émery curvature is
bounded from below. When the ∞-dimensional Bakry–Émery curvature is bounded from below, the authors of [19] proved
on the L2f -spectrum estimate if the potential function f satisﬁes some growth conditions. In this section, we prove the
upper bound of the Lpf -spectrum λ f ,p(M) when the τ - or the ∞-dimensional Bakry–Émery curvature bounded from below.
We ﬁrst show a technical algebraic lemma.
Lemma 3.1. For p > 1,a,b > 0 and  > 0, we have
(a + b)p  (1+ )p−1ap +
(
1+ 

)p−1
bp. (12)
Proof. Let
F (t) = (1+ )p−1t p − (t + b)p +
(
1+ 

)p−1
bp.
Then
F ′(t) = p[(1+ )p−1t p−1 − (t + b)p−1],
which means that F (t) achieves its minimum value at t0 = b . At the same time, it is easy to verify that F (t0) = 0. Hence
F (t) 0 and Lemma 3.1 follows. 
Now we state the estimate of the Lpf -spectrum under the condition on the τ -dimensional Bakry–Émery curvature.
Theorem 3.2. Let (M,g) be an n-dimensional complete Riemannian manifold, f be a smooth potential function on M and dμ =
e− f dV be the weighted measure. Assume that the τ -dimensional Bakry–Émery curvature on M is bounded by
Ric f ,τ −(n + τ − 1)K
with K  0. Then the Lpf -spectrum satisﬁes
λ f ,p(M)
(
(n + τ − 1)√K
p
)p
. (13)
Proof. For R > 1 large enough, take a cutoff function ϕ on Bp(R) such that ϕ = 1 on Bp(R − 1), ϕ = 0 on M \ Bp(R) and
|∇ϕ| C , where C is a constant independent of R . We also choose as a test function in the variational principle (10)
φ(y) := exp
((
− (n + τ − 1)
√
K + δ
p
)
r(y)
)
ϕ(y),
where δ > 0 is an arbitrary number. For convenience, we let
α = − (n + τ − 1)
√
K + δ
p
.
By using Lemma 3.1, we have the following estimate
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 epαr
(−αϕ + |∇ϕ|)p
 epαr
[
(1+ )p−1(−αϕ)p +
(
1+ 

)p−1
|∇ϕ|p
]
. (14)
Hence
λ f ,p(M) (1+ )p−1(−α)p +
(
1+ 

)p−1 ∫
M e
pαr |∇ϕ|p dμ∫
M e
pαrϕp dμ
= (1+ )p−1(−α)p +
(
1+ 

)p−1 ∫
Bp(R)\Bp(R−1) e
pαr |∇ϕ|p dμ∫
Bp(R)
epαrϕp dμ
 (1+ )p−1(−α)p + C
(
1+ 

)p−1 epα(R−1)μ(Bp(R))∫
Bp(1)
epαr dμ
 (1+ )p−1(−α)p + C
(
1+ 

)p−1 epα(R−1)μ(Bp(R))
epαμ(Bp(1))
. (15)
Letting r = 1 in Lemma 2.1, we have
μ
(
Bp(R)
)
 Ce(n+τ−1)
√
K (R−1)μ
(
Bp(1)
)
,
which means that
epα(R−1)μ(Bp(R))
epαμ(Bp(1))
 C exp
(−δ(R − 2) + (n + τ − 1)√K )→ 0
as R → ∞. Letting R → ∞ in (15) yields
λ f ,p(M) (1+ )p−1(−α)p .
Since  > 0 and δ > 0 are arbitrary this implies Theorem 3.2. 
Using Lemma 2.2 with an argument similar to that of the proof of Theorem 3.2, we easily get the following estimate for
Lpf -spectrum when the ∞-dimensional Bakry–Émery curvature is bounded from below and the potential function f satisﬁes
a growth condition.
Theorem 3.3. Let (M,g) be an n-dimensional complete Riemannian manifold, f be a smooth potential function on M and dμ =
e− f dV be the weighted measure. We assume that the ∞-dimensional Bakry–Émery curvature on M is bounded by
Ric f −(n − 1)K
with K  0. If
∂ f
∂r
−k (k 0)
along all minimal geodesic segments from p, then the Lpf -spectrum satisﬁes
λ f ,p(M)
(
(n − 1)√K + k
p
)p
. (16)
Remark 3.4. The cases p = 2 in Theorem 3.2 and Theorem 3.3 were proved in [3] and [19] respectively.
4. L2f -spectrum estimate
We use λ f (M) to denote the inﬁmum of the L2f -spectrum. The following lemma can help us to provide a lower bound
for λ f (M). Its proof can be found in [19].
Lemma 4.1. Let (M,g) be a complete noncompact Riemannian manifold and f be a smooth function on M. If there exists a positive
function v > 0 such that  f v −λv for some constant λ > 0, then λ f (M) λ.
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Einstein metrics. The following lemma can help us to compute the L2f -spectrum.
Lemma 4.2. Let M be a complete noncompact Riemannian manifold. We assume that dμ = e− f dV is the weighted measure for some
smooth potential function f . If for some λ > 0
 f u = −λu (17)
in the sense of distributions, where u is a positive function that satisﬁes
lim
R→∞
1
R2
∫
B2R\BR
u2 dμ = 0, (18)
then
λ f (M) = λ. (19)
Proof. Lemma 4.1 tells us that λ f (M) λ. Hence we only need to prove
λ f (M) λ. (20)
We use r(x) = dist(p, x) to denote the distance function determined by some ﬁxed point p ∈ M . Consider a smooth function
θ(t) : [0,+∞) → [0,1],
θ(t) =
{
1, 0 t  1,
0, t  2,
so that
−10θ 12  θ ′  0. (21)
For some constant R > 0 large enough, deﬁne the smooth cutoff function ϕ : M → R by
ϕ(x, t) = θ
(
r(x)
R
)
.
Then
|∇ϕ|2 =
∣∣∣∣θ ′∇rR
∣∣∣∣
2
 100ϕ
R2
. (22)
By (17), we have∫
M
ϕu f u dμ = −λ
∫
M
ϕu2 dμ.
Integrating by part yields∫
B2R
(
ϕ|∇u|2 + u∇ϕ · ∇u)dμ = λ ∫
B2R
ϕu2 dμ. (23)
The deﬁnition of λ f (M) tells us that∫
M
∣∣∇(√ϕu)∣∣2 dμ λ f (M)
∫
M
ϕu2 dμ, (24)
or ∫
B2R\BR
|∇ϕ|2
4ϕ
u2 dμ +
∫
B2R
(
u∇u · ∇ϕ + ϕ|∇u|2)dμ λ f (M)
∫
M
ϕu2 dμ. (25)
Plugging (23) into (25) yields
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∫
B2R\BR
|∇ϕ|2
ϕ
u2 dμ
(
λ f (M) − λ
) ∫
B2R
ϕu2 dμ, (26)
or
25
R2
∫
B2R\BR
u2 dμ
(
λ f (M) − λ
) ∫
B2R
ϕu2 dμ
(
λ f (M) − λ
)∫
BR
u2 dμ, (27)
where we have used the fact that λ f (M) λ. Letting R → ∞ yields that
(
λ f (M) − λ
) ∫
M
u2 dμ 0. (28)
Then (20) follows. 
Remark 4.3. We give an example to show that condition (18) in Lemma 4.2 cannot be removed. Consider M = (−∞,+∞)
and the potential function f (t) = t . For the positive function u(t) = e 12 t it is easy to verify that
d2u
dt2
− du
dt
df
dt
= −1
4
u
and
lim
R→+∞
1
R2
( 2R∫
R
+
−R∫
−2R
)
u2e− f dt = 0. (29)
Hence λ f (M) = 14 . At the same time, for any positive number a < 14 , the positive solution of
d2u
dt2
− du
dt
df
dt
= −au
can be expressed as
u(t) = C1 exp
(
1+ √1− 4a
2
t
)
+ C2 exp
(
1− √1− 4a
2
t
)
, (30)
where C1,C2  0 satisfy C21 + C22 = 0. It is easy to verify that any u(t) given in (30) does not satisfy (18).
5. L2f -spectrum estimate for quasi-Einstein metrics
We assume that M is a complete noncompact Riemannian manifold and g is τ -quasi-Einstein with potential function f
and constant λ 0. The following upper bound estimate of the L2f -spectrum on M can be easily deduced from Theorem 3.2.
Theorem 5.1. We assume that M is an n-dimensional complete noncompact Riemannian manifold on that the metric g is τ -quasi-
Einstein with potential function f and constant λ 0. Then
λ f (M)−n + τ − 14 λ. (31)
The following example shows that the estimate (31) is sharp.
Example 5.2. Consider the warped product manifold M = R ×ϕ N where ϕ(t) = sinh t and N is an (n − 1)-dimensional
Einstein manifold with Ricci curvature satisfying
RicN = (n − 2)gN .
The metric of M can be expressed as follows
ds2M = dt2 + ϕ2(t)ds2N .
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RicM = −(n − 1)gM .
Assume that the potential function f : M →R is deﬁned by
f (x, t) = f (t) = −τ ln cosh t, (32)
where τ > 0 is a constant. Then it is easy to testify that⎧⎪⎪⎨
⎪⎪⎩
−(n − 1) + f ′(t)ϕ
′(t)
ϕ(t)
= λ,
−(n − 1) + f ′′(t) − ( f
′(t))2
τ
= λ,
(33)
where λ = −(n + τ − 1) < 0 is a constant. (33) means that (1) holds on M for the potential function f and the constant λ.
We also note that the scalar curvature of M equals −n(n− 1), hence (1.2) follows if we choose μ = −τ (τ − 1). It is easy to
compute that
 f e τ−1τ f = e τ−1τ f − ∇e τ−1τ f · ∇ f
= τ − 1
τ
(
− 1
τ
|∇ f |2 +  f
)
e
τ−1
τ f
= τ − 1
τ
(
τ − 1
τ
|∇ f |2 + τλ − μe 2τ f
)
e
τ−1
τ f . (34)
Noting that
τ − 1
τ
|∇ f |2 + τλ − μe 2τ f = −nτ ,
we have
 f e τ−1τ f = −n(τ − 1)e τ−1τ f .
Assuming τ  n + 1 and R > 0 large enough, then for any t ∈ [R,2R],(
e
τ−1
τ f (t)
)2
e− f (t)ϕn−1(t) C,
where C is a positive constant independent of R , which means that (18) follows. By Lemma 4.2, we deduce that
λ f (M) = n(τ − 1).
If we choose τ = n + 1, then
λ f (M) = n(τ − 1) = −n + τ − 14 λ.
We conclude that the equality case in Theorem 5.1 can be achieved.
In order to get the lower bound estimate of the L2f -spectrum for the quasi-Einstein metrics, we need some formulas
established in [7,14]. There it is proved that there exists some constant μ such that
R + τ − 1
τ
|∇ f |2 + (τ − n)λ = μe 2τ f . (35)
Moreover, the potential function f satisﬁes
 f − |∇ f |2 − τλ + μe 2τ f = 0. (36)
The following result proved in [18] is useful for us.
Lemma 5.3.We assume that M is an n-dimensional complete noncompact Riemannianmanifold and metric g is τ -quasi-Einstein with
potential function f and constant λ 0, where τ > 0. Then
R(y) nλ (37)
holds for any y ∈ M.
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Theorem 5.4. We assume that M is an n-dimensional complete noncompact Riemannian manifold and metric g is τ -quasi-Einstein
with potential function f and constant λ 0, where τ > 1, we also assume that μ 0. Then
λ f (M)−τ − 14 λ. (38)
Proof. For α > 0, it is easy to compute that
 f eα f = eα f − ∇eα f · ∇ f
= ((α2 − α)|∇ f |2 + α f )eα f
= (α2|∇ f |2 + ατλ − αμe 2τ f )eα f . (39)
In order to give the lower bound of λ f (M), by Lemma 4.1 and (39), we only need to estimate the upper bound of
G = α2|∇ f |2 + ατλ − αμe 2τ f .
Plugging (37) into (35) yields that
|∇ f |2  τ
τ − 1
(
μe
2
τ f − τλ).
Hence
G  τ
τ − 1α
(
α − τ − 1
τ
)(
μe
2
τ f − τλ). (40)
Choosing α = τ−12τ in (40) yields
G −τ − 1
4τ
(
μe
2
τ f − τλ) τ − 1
4
λ,
where we have used the fact that μ > 0. Hence (38) follows. 
Remark 5.5. By Theorems 5.1 and 5.4, we know that for a quasi-Einstein metric with potential function f , constant τ > 1,
μ > 0 and λ = 0, there is
λ f (M) = 0.
A natural question is about the lower bound estimate of the L2f -spectrum for τ -quasi-Einstein metrics when μ < 0. We
give the following conjecture. This conjecture seems to be right from Example 5.2.
Conjecture 5.6.We assume that M is an n-dimensional complete noncompact Riemannian manifold and metric g is τ -quasi-Einstein
with potential function f and constant λ  0, where τ > 1, we also assume that μ < 0. Then there exists some constant C > 0
depending only on n, τ , λ,μ, so that
λ f (M) C .
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